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Total Stress Change During Cyclic Loading under Ko Conditions
Paper No. 1 . 1 8
Jian-Min Zhang and Shamoto Yasuhiro
Institute of Technology, Shimizu Corporation, Tokyo, Japan

SYNOPSIS

Cyclic torsional and triaxial tests of saturated sand under Ko conditions were conducted in
order to examine the change of total lateral stress in the following cases: during the build-up of
excess pore water pressure under undrained cyclic shear, and during the one-dimensional compression,
expansion and recompression due to dissipation and redistribution of excess pore water pressure
following undrained cyclic shear. As a result, a simplified method is proposed to estimate the changes
of the total and effective lateral stresses in saturated sand with changing excess pore water pressure
after undrained cyclic loading in Ko conditions.

lateral stress in saturated sand due to the change
of excess pore water pressure during and after
undrained cyclic shear under Ka conditions, so as
to evaluate accurately the deformation behavior of
saturated sands in the corresponding conditions.

INTRODUCTION
Sufficient attention has not been paid to the
changes of total stresses in saturated sand during
cyclic loading under Ka (zero lateral strain)
conditions. This lack of attention is seen in
experimental studies of stress-strain relationships
and analytical studies of dynamic response of soil
deposits. In both cases the total stresses are
assumed constant during the development of excess
pore water pressure due to cyclic stress
application. In reality, however, the total
stresses undergo changes during cyclic loading
because of soil stiffness reduction, stress
redistribution, change in boundary constraint, or
pore pressure dissipation.

The object of this study is to examine and describe
the change of total lateral stress in saturated
sand during and after undrained cyclic shear in Ko
conditions on the basis of undrained cyclic
torsional and triaxial tests.

DEFINITIONS OF THE USED PARAMETERS
In order to describe the change of total lateral
stress, the initial coefficient of effective
lateral pressure K' 1 , the coefficient of lateral
pressure K and the coefficient of effective lateral
pressure K' are adopted. They are defined as
follows respectively.

Soil elements in a saturated sand deposit are
usually shaken during earthquakes under the
undrained or nearly undrained conditions and
subsequently, compressed or first expanded and then
compressed due to dissipation and redistribution of
induced excess pore water pressure. In many cases,
such as in the sand ground that has been deposited
over an area of large lateral extent, the above
phenomenon happens in Ko conditions. It is worthy
of note that the total lateral pressure acting on a
soil element in such a saturated sand deposit
undergoes changes not only during undrained cyclic
stress application, but also after that because of
the build-up and dissipation of excess pore water
pressure. The phenomenon that the total lateral
pressure increases with increasing excess pore
water pressure induced during undrained cyclic
shear has been confirmed by Ishihara and Yasuda
(1975 and 1977) on the basis of undrained cyclic
torsional tests in Ko conditions. However, in their
studies attention was concentrated on the influence
of initial consolidation stress conditions on the
resistance of loose sand to liquefaction. It is
necessary to investigate the change of total

K'i-O'h 0 /0'Yo

K

(0\ + ~Oh)/O'Yo

=

K'

(1)
(2)

0

=

(o • ho + ~oh - ~u) /(0' Yo - tm)

(3)

in which o• ho = initial effective lateral stress,
O' Yo = initial effective vertical stress, ~oh =
change in total lateral stress, and ~u = excess
pore water pressure. In the test condition the
total lateral stress is defined as o = o • + ~cr .
The ratio of excess pore water press~re, d~notedhas
ru, is the ratio of excess pore water pressure ~u
to initial effective vertical stress cr• . Thus
the relationship between the coefficient of
'
effective lateral pressure K' and the coefficient
of lateral pressure K may be written as
0

K' = (K -
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r) I (1 - r)

(4)

TEST CONDITIONS AND PROCEDURES
In this study, undrained cyclic torsional tests
under zero lateral strain conditions were conducted
to examine the change of total lateral stress
acting en saturated sand specimens due to build-up of
excess pore water pressure; moreover, conventional
undrained cyclic triaxial tests were followed by
compression, expansion and then recompression in Ko
conditions by controlling the pore water pressures
in the specimens to decrease, increase and then
decrease again in order to investigate the change
of total lateral stress due to the dissipation and
redistribution of excess pore water pressure after
undrained cyclic loading. For brevity, compression,
expansion and recompression of saturated sand under
Ko condition are written as Ko-compression, Koexpansion and Ko-recompression respectively in this
paper. In all the tests the changes of the radial
strain were controlled within the range of 0.005%.
The Japanese standard Toyoura sand (G = 0.18 mn,
e
= 0.973 and e.
= 0.635) was used: Specimens
w:~e prepared by piuviating dry sand through air.
In order to get the high degree of saturation, the
specimens were saturated by the circulation of C0 2
gas, percolation of de-aired water and application
of a back pressure of 100 kPa. The B-values of more
than 0.95 were observed in all the specimens used
in the tests.
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(i) ~clic torsional tests: A pneumatic cyclic
torsional shear apparatus was improved to realize
the zero lateral strain conditions on a hollow
cylindrical specimen during undrained cyclic
torsional loading. The details of the equipment
have been described by Shamoto et al(1994). The
specimens were isotropically or anisotropically
consolidated to different relative densities D
from 60% to 95%. An initial effective verticalr
stress of 100 kPa and initial effective lateral
stresses of 30 kPa, 50 kPa, 70 kPa and 100 kPa were
used in the tests. A sinusoidal cyclic torque was
slowly applied on the sand specimens at a frequency
of 0.005 Hz under undrained Ko conditions.

Fig. I

A result observed in an undrained cyclic torsional test in Ko
condition
Prescribed ratio of ex:cess
pore water pres~ure

'

(i)

Fig.1 shows the time histories of the cyclic shear
stress ratio -r /cr'
( in which -r = amplitude of
cyclic shear stres; and cr'
= initial mean
effective stress, cr' mo = (cr 'l"'vo + 2cr' ho ) /3 ) , shear
strain -y , excess pore water pressure 6u and total
lateral stress crh observed in a typical undrained
cyclic torsional test under Ko condition.

Fig.2

Triaxial test conditions

120
'2

(ii) Triaxial tests: Fig.2 shows the test
conditions and procedures. Fig.3 shows a result
obtained from a triaxial test that was performed
according to the test path (1 > 2 > 4 > 8 > 9 > 10)
illustrated in Fig.2. The specific test operation
by taking this test path proceeds as follows: (a) a
sinusoidal cyclic axial load was applied on an
anisotropically consolidated specimen in undrained
condition until a prescribed ratio of excess pore
water pressure r was attained. In this course no
change in total lateral stress occurred; (b) a back
pressure was regulated to the same value as that of
the excess pore water pressure developed in the
specimen before the drainage valve was opened; (c)
the drainage valve was opened and then the back
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The time-histories of total lateral stress and excess pore
pressure observed in a typical triaxial test

pressure was decreased slowly and continuously
under Ko condition until the excess pore water
pressure in the specimen dissipated to zero; and
(d) the pore water pressure in the specimen was
increased and then dissipated to zero again in Ko
condition by regulating the back pressure to
increase and then decrease. Because the two final
steps above were performed in Ko condition, it can
be seen from Fig.3 that the total lateral stress
O'h was alrrost linearly changing with the change of
pore water pressure Au. In such a way, the change
in total lateral stress O'h during the whole
process of the one-dimensional compression,
expansion and then recompression.due to
dissipation and redistribution of excess pore
water pressure after undrained cyclic loading
could be simulated.
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Fig.6 The relationship between coefficient of total lateral pressure
and ratio of excess pore water pressure
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Fig.7 The relationship between coefficient of total lateral pressure
and ratio of excess pore water pressure
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If the values of the total lateral stresses and
pore water pressures at the rroments when the
cyclic shear stresses become zero were taken, the
corresponding values of the coefficient of lateral
pressure K and the coefficient of effective
lateral pressure K' could be determined. Figs.S, 6
and 7 show the determined relationships between K
and ru under the various initial relative densities
and various initial coefficients of effective
lateral pressure K't. Fig.S shows the relationship
between K'and r at Dr = 80% and K' 1 - 0.3, 0.5,
0.7 and 0.1. Ituhas been found that: (a) the
slopes of the K- r curves almost keep constant
within a certain r~ge of the initial stage of an
increase in excess pore water pressure before the

.c

0.4

The relationship between coefficient of total lateral pressure
and ratio of excess pore water pressure

1.0

Fig.4 shows the change of total lateral stress
with the development of the pore water pressure
during undrained cyclic shear in Ko condition. It
can be seen that the total lateral stress starts
to increase from the initial effective lateral
stress o'ho of 50 kPa with the build-up of excess
pore water pressure during undrained cyclic stress
application and finally approaches the initial
effec;:tive vertical stress o'vo of 100 kPa. Meanwhile,
the ~ncremental change in total lateral stress not
only increases, but also decreases within the time
intervals that the sand specimen tends to dilate
during the undrained cyclic loading process.

~

0.2

1.2 ..---;------,.-----,.-----,---,

TOTAL STRESS CHANGE DURING UNDRAINED CYCLIC
SHEAR UNDER L CONDITIONS

'2'

0.6

~

0.6
0.4

•• • ••

• •::;;;:.,;;JJMMrJr,•~"
oo

0 !!"!"!!
$o

rj:fl:)

~~
oo

asrf119cf>cP

00

Dr= 80%
0'~ 0 =

Fig.8

Fig.4 The change of total lateral stress with excess pore pressure
during undrained cyclic shear in Ko condition
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On the other hand, because both of the total
stresses in horizontal and vertical directions keep
constant or K = K'i in a conventional undrained
cyclic triaxial test on a cylindrical specimen, the
relationship between K' and r at K = K'i = 1.0 for
an isotropically consolidated"specimen and at K=
K'i = 0.95, 0.9, 0.8, 0.7 and 0.6 for anisotropically
consolidated ones, respectively, can be calculated
by Eq. (4) and shown in Fig.9. It can be seen from
Fig.9 that the K'- r relation curves under
conventional undrain~d cyclic triaxial test
conditions intersect those obtained in the Koundrained cyclic shear conditions. This means that
it is possible to reproduce the various effective
lateral stresses acting upon sand specimens just
after undrained cyclic shear in Ko conditions by
using conventional undrained cyclic triaxial tests
on the specimens that are isotropically or
anisotropically consolidated. Obviously, a
conventional undrained cyclic triaxial test on an
isotropically consolidated specimen is able to
simulate only the zero effective stress at r =
100% during Ko-undrained cyclic shear. Therefore,
in this investigation the K'i-values of 0.83-0.95
were taken or the initial effective lateral stress
cr',o of 1~0 kPa and the initial effective vertical
stress cr
of 105-120 kPa were used. Moreover, the
maximum _;:;tio of excess pore water pressures r due
to undrained cyclic stress application was
"
controlled to the prescribed values as indicated in
Fig.2, so as to reproduce the effective lateral
stresses just after K0 -undrained cyclic shear.

phenomenon of cyclic mobility appears; (b) the K-ru
relationship is not influenced significantly by the
initial relative densities; (c) the changes of both
K and K' with r depends on the magnitudes of K' 1;
and (d) K and K'" become unity at ru = 100%.
TOTAL STRESS CHANGE DURING THE Ko-DEFORMATION
(i) The simulation of the effective lateral stress
just; after Ko-undrained cyclic shear: The following
consideration was made in order to reproduce the
effective lateral stress just after Ko-undrained
cyclic shear by using a conventional undrained
cyclic triaxial test with a constant lateral stress.

On the one hand, it has been recognized that the
initial coefficient of effective lateral pressure
at rest is about 0.3 to 0.6 in many practical sand
deposits. As can be seen from the above
experimental results, if the initial coefficient of
effective lateral pressure K'i is less than 1.0,
the coefficient of lateral pressure K and the
coefficient of effective lateral pressure K' will
increase from the value of K'i as the ratio of
excess pore water pressure r develops during
undrained cyclic shear in Ko"conditions. However,
only at the time when the effective stress becomes
zero, both of them approach unity. Before the
effective stress becomes zero, the effective
lateral stress is usually less than the effective
vertical stress. The shaded zone in Fig.9 shows a
probable range of K' with the increase of r under
the Ko-undrained cyclic shear conditions fo~ the
case of K' 1 = 0.3-0.6.

(ii) Total stress change during the Ko-co~ression:
Fig.10 shows the relationship between K and r
during the Ko-compression due to dissipation ~f
excess pore water pressure after undrained cyclic
loading. Here the coefficient of effective lateral
pressure K' at the time when the excess pore water
pressure is dissipated to zero is defined as the
coefficient of effective lateral pressure at r = 0
and denoted as K'o in order to distinguish it from
K'i defined by Eq. (1). In Fig.10, m is the slope of
the K- r relationship and r
is the maximum
ratio of"excess pore water pr~;sure induced when
subjected to undrained cyclic stress application.
It has been found that: (a) the K-r" relationships
are nearly straight lines, which show that the
change in K is directly proportional to the change
in ru during the Ko-compression; (b) the magnitude
of K'o depends on r
; and (c) the value of the
slope m decreases with"an increase in K'o.
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The simulation of the effective lateral stress just after
undrained cyclic shear in Ko conditions

0.8
m =

0.4
-K~=

Fig.11 shows that the relationship between K and r
during the Ko-compression conditions are not
significantly influenced by the change in initial
relative densities from 46% to 87%.
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Dr= 64%
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0.2

(iii) Total stress change during the Ko-expansion:
Fig.12 shows the relationships between K and ru
during the Ko expansion following the Kocompression. As can be seen from the figure, the Kru relationships are also linear; moreover, the
slopes, m, of these lines depend inversely on K'o.
However, the slope m is larger under the Koexpansion than under the Ko-compression at the same
K'o -value.

cr~o= 120kPa
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Fig.lO The relationship between coefficient of total lateral pressure
and ratio of excess pore pressure during Ko-compression
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from Mohr-coulomb's failure criterion and~, used
in this equation is angle of internal friction in
terms of effective stress.

0.8
~

(.:hr) Total stress change during the Ko-recarpression:
Fig.13 shows the relationship between K and r
during the Ko-recompression due to re-dissipation
of excess pore water pressures following the Koexpansion. By comparing Fig.12 and Fig.13, it is
known that the K-ru relationships under the Korecompression are nearly linear similar to those
under Ko-recompression.
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(v) The relationships between m and K' o: Fig .14
shows the relationships between m and K'o under the
Ko-compression, expansion and recompression, which
are nearly linear. However, the slope of the m-K'o
relationship is smaller under the Ko-compression
than under the Ko-expansion and recompression. The
reason is that the effect of the cyclic mobility
that occurred during the undrained cyclic shear is
reflected in the m-K'o relationship under the Kocompression. Therefore, attention should be paid
to this difference in the m-K'o relationship when
the lateral stresses need to be predicted in a
similar situation.
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Fig.ll The relationship between coefficient of total lateral pressure
and ratio of excess pore pressure during K.-compression

0.8
~

0.6
0.4

th == 0
Dr== 64%

0.2

cr~o== 120kPa

0

0

0.2

0.6

0.4

~:~ rf--...-.- -..-... -... -.....-..,...•-... -.....-...- ..--,.....;-...- -......,...-...----,------,
0.8

0.8

E

fu
Fig.12 The relationship between coefficient of total lateral pressure
and ratio of excess pore pressure during K.-expression
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(vi) A Simplified method for estimating K and
K'during Ko-deformation : Based on the experimental
results shown in Fig.lO to Fig.14, the K-r
relationship and.the m-K'o relationship~ be
approximately expressed by using the following
linear equations.
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fu
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Fig.13 The relationship between coefficient of total lateral pressure
and ratio of excess pore pressure during K..-recompression

=

K'

o

+ m r"

m =a+~ K'

It should be pointed out that during undrained
cyclic shear the maximum values of K as shown in
Figs.S, 6 and 7 are 1.0, but during Ko-expansion
the maximum value of K as plotted in Fig.12 could
become more than 1.0 for larger value of K'o. In
this case, the corresponding ratio of excess pore
water pressure r. was less than 1.0 and not
probably equal to 1.0. Theoretically speaking, the
probable maximum value of K under the Ko-expansion
should satisfy Eq. (4) and K'=tan 2 (45°~' /2)
simultaneously. The latter equation was derived

o

(5)

(6)

in which m is the slope of a K-r" relationship and
and~ are the intercept and slope of an m-K'o
relationship respectively. Obviously, the values
of m, a and ~ are different for the Ko-compression
and the Ko-expansion and recompression.

a

According to Eqs. (4), (5) and (6), the changes of
K and K' during the Ko-compression, expansion and
recompression can be approximately estimated by
using the following procedure:
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(a) DeteDlline coefficients <X and
(b)

f3

from the test;

CONCLUSIONS
Based on the cyclic torsional and triaxial tests of
saturated sand under Ko conditions, the changes in
total lateral stress are examined during the buildup of excess pore water pressure under 7yclic shear
and during the one-dimensional compress~on,
expansion and recompression due to dissipation and
redistribution of excess pore water pressure just
after undrained cyclic shear. Consequently, the
relationships between the coefficient of lateral
stress K and the ratio of excess pore water
pressure ru under the above different conditions
are obtained.

Calculate K' o and m from Eqs. (5) and (6)
if the values of K and r at some time are
known, for exarcple, both"K and r. at the
time when liquefaction happens are 1.0;

(c) DeteDlline ~. an incremental change of K for
t.r., an incremental change of r., by Eq. (5);
(d) Determine ~·, an incremental change of K' by
substituting the known (K, r) and (K + t.K,
r. + t.r) into Eq. (4), respectively.

If the two final steps above are repeatedly
performed, the changes of K and K' with the change
of r during the Ka-compression, expansion and
reco~ression may be estimated.

A simplified method is proposed to estimate the
changes of the total and effective lateral stresses
with the change of excess pore water pressure after
undrained cyclic shear in Ko conditions. The
effectiveness of the proposed method has been
verified by a preliminary comparison between the
tested and estimated results.

Fig.l5 shows a result of the comparison between the
tested and estimated K'- r relationships during
the Ko-conpression and ~sion. Because the value
of K at r • 0 was K' o that was known for the test
results a; plotted in Fig.l5, the K'-r.
relationships can be estimated by using the
proposed method and shown in Fig .15 with the solid
curves. It can be seen that the computed K'-r.
relationships agree well with the tested results.
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